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Abstract 
(N. 

K* I In this paper we consider a problem of optimal investment with 

[^ ■ intermediate consumption in the framework of an incomplete semi- 

QQ . martingale model of a financial market. We show that a necessary 

lO I and sufficient condition for the validity of key assertions of the theory 

t^^ ■ is that the value functions of the primal and dual problems are finite. 

o: 

1 Introduction 

rS ! A fundamental problem of mathematical finance is that of an investor who 

c^ ■ wants to invest and consume in a way that maximizes his expected utility. 



The first results for continuous time models were obtained by Merton 



19| in a Markovian setting via the dynamic programming arguments. An 
alternative martingale approach was developed among others by Cox and 
Huang pl, y], Karatzas, Lehoczky and Shreve 13|, and Karatzas and Shreve 



111 ] for complete markets and by Karatzas, Lehoczky, Shreve and Xu |14| |. 
He and Pearson [7|, |8| , Kramkov and Schachermayer 16|, ll7| , Karatzas and 
Zitkovic 12|, and Zitkovic 23|] in an incomplete case. The main focus here 
was to establish conditions under which "key" results, such as the existence 
of primal and dual optimizers, hold. 



When the consumption occurs only at maturity and the utihty function 
is deterministic a necessary and sufficient condition has been obtained in 



Kramkov and Schachermayer [17[ • It is stated as the finiteness of the dual 



value function. In the case of intermediate consumption and stochastic field 



utility the latest sufficient conditions are due to Karatzas and Zitkovic [12 



and Zitkovic [23[. They are formulated in the form of several regularity 
assumptions such as a uniform asymptotic elasticity. 

This paper obtains necessary and sufficient conditions in the general 
framework of incomplete financial model with stochastic field utility and 
intermediate consumption occurring according to some stochastic clock. As 



m 



ITJ we assume that the dual value function is finite (from above). Maybe 
surprisingly the only other condition we need is the finiteness of the primal 
value function (from below). Note that the latter condition holds trivially in 



the setting of [17 



The remainder of the paper is organized as follows. In Section |2] we 
describe the model and state the main results. Their proofs are given in 
Section SJand are based on an abstract version of the main theorem presented 
in Section [31 

2 Main Results 

A model of a security market consists of (d + 1) assets: one bond and d 
stocks. We assume that the bond is chosen as a numeraire and denote by 
5" = {S'^)i<_i<ct ^^^ discounted price process of the stocks. We suppose that 
5" is a semimartingale on a complete stochastic basis (fi, ^, (^t)tgfooo) ^'^) 
with an infinite time horizon. 

Define a portfolio 11 as a triple {x,H,C), where the constant x is an 
initial value, H = {H^)^^^^^ is a predictable S'-integrable process of stocks' 
quantities, and C = {Ct\^Q is an increasing, adapted, and right-continuous 
process of cumulative consumption. The value process V = (Vf)^>Q of such a 
portfolio n is defined as 

ft 

A 



(2.1) Vt = x+ HudSu-Ct, t>0. 

Jo 

A portfolio n with C = is called self-financing. The collection of nonnega- 
tive value processes of self-financing portfolios with initial value 1 is denoted 



^ = {XyO: Xt = l+ / HudSu, t > 



by^, 



A pair {H,C), such that for a given x > the corresponding value process 
V is nonnegative, is called an x- admissible strategy. If for a consumption 
process C we can find a predictable ^-integrable process H such that {H, C) 
is an x-admissible strategy we say that C is an x-admissihle consumption 
process. 

Hereafter we fix a stochastic clock k = {Kt)t>o^ which is a non-decreasing, 
cadlag, adapted process such that 

(2.2) Ko = 0, P [koo > 0] > 0, and k^o < A 

for some finite constant A. Stochastic clock represents the notion of time 
according to which consumption occurs. The set of optional densities of the 
x-admissible consumption processes corresponding to k is denoted by ^{x), 
that is, 

(2.3) £/{x) = < c : Ct = / CudKu is x-admissible > , x > 0. 

We write s^ = ^(1) for brevity. 

For t > we denote by Qt the restriction of a probability measure Q to 
^f A probability measure Q is called a locally equivalent martingale measure 
if for any t > we have Qt ~ ^t and any X G ^ is a local martingale under 
Q. We denote the family of locally equivalent martingale measures by ^ 
and assume that 

(2.4) ^ ^ 0. 

This condition is closely related to the absence of arbitrage opportunities in 



the sense of |lO| . The corresponding set of cadlag densities is denoted by ^■. 



(2-5) ^^{Z - . ^ , , 

^ ^ ^ ^ dFt ' ' 



t>o 



We now introduce an economic agent whose consumption preferences are 
modeled with a utility stochastic field U = U{t, u, x) : [0, oo) x (] x [0, oo) — )■ 
M U {— oo} satisfying the conditions below. 



Assumption 2.1. For every (t, u) G [0, oo) xQ the function x — )■ U{t, u, x) is 
strictly concave, increasing, continuously differentiable on (0, oo) and satisfies 
the Inada's conditions: 



(2.6) 



\im.U'{t,u,x) = +00 and \im U'{t,u,x) = 0, 



where U' denotes the partial derivative with respect to the third argument, 
U(t, (jj, 0) = lim U{t, u, x), and for every a; > the stochastic process U (■, ■, x) 

is optional. 



xiO 



For a given initial capital x > the goal of the agent is to maximize his 
expected utility. The value function of this problem is denoted by 



(2.7) u{x) = 

We use the convention 



sup E 

c£.s/(x) 



U{t,u,Ct)dKt 



X > 0. 



E 



U{t,u,Ct)dKt 



uo 



-cx) if E 



U {t,u,Ct)dKt 



-oo. 



Here and below W~ and W~^ denote the negative and the positive parts of 
a stochastic field W, respectively. 

Our goal is to find conditions on the financial market and the utility 
field U under which the key conclusions of the utility maximization theory 
hold, namely, u satisfies the Inada's conditions and the solution c{x) G £/{x) 
to (EZD exists. 

Remark 2.2. For simplicity of notations we assume in (12.71) that consump- 
tion is measured in the units of the bank account. This does not restrict 
any generality. Indeed, the case when U = U{t, u, x) corresponds to the con- 
sumption defined in the units of a positive asset B = {Bt)^^^ is reduced to 
the one above if we choose the utility field as f/(t, u,x) = U (t, u, x/Bt{u)). 

To study (12. 7p we employ standard duality arguments as in [l6|| and [23| 
and define the conjugate stochastic field V to U as 

(2.8) V{t,u,y) = sup{U{t,u,x) — xy) , {t,uj,y) e [0,oo) x Q x [0,oo). 

x>0 

It is well-known that —V satisfies Assumption 12. 1[ We also denote 

,^ „s ^(y) = cl {Y : Y is cadlag adapted and 

^ ' ' 0<Y <yZ (dKxF) a.e. for some Z e ^} , 



where the closure is taken in the topology of convergence in measure {dn x P) 
on the space of real- valued optional processes. We write ^ = ^(1) for 
brevity. 

After these preparations we define the value function of the dual opti- 
mization problem as 



(2.10) 

where we use the convention 



v(y) = inf E 



V{t,u,Yt)dKt 



Uo 



y>o, 



E 



V{t,co,Yt)dKt 



Uo 



-oo if E 



V+{t,io,Yt)dKt 



Uo 



+00. 



The following theorems constitute our main results. 



Theorem 2.3. Assume that conditions (12.21) and ^2.4\) and Assumption \2.1\ 
hold true and 

(2.11) v{y) < 00 for all y > and u{x) > —00 for all a; > 0. 

Then: 

1. u{x) < cxD for all x > 0, v(y) > —00 for all y > 0. The functions u and 
V are conjugate, 



(2.12) 



v{y) = sup (m(x) -xy), y > 0, 

x>0 

u{x) = ini {v{y) + xy) , x > 0. 

y>0 



The functions u, —v are continuously differentiahle on (0, 00), strictly 
increasing, strictly concave and satisfy Inada's conditions: 

m'(0) = limM'(x) = +00, — f'(0) = \im~v'{y) = +00, 

xXO yiO 

m'(oo) = lim u'{x) = 0, — f'(oo) = lim —v'{y) = 0. 

z— >oo y~^oo 



2. For any x > and y > the optimal solutions c{x) to (2.1) and Y{y) 
to Ii2.1(]\) exist and are unique. Moreover, ify = u'{x) we have the dual 
relations 

Yt{y) = U'{t,u,Ct{x)), t>0, 

and 



E 



Ct{x)Yt{y)dKt 



Uo 



xy. 



The boundendess conditions f l2.1ip are clearly necessary for the conclu- 
sions of either item 1 or 2. Notice that the condition u{x) > — oo for all 
x > holds trivially if the utility stochastic field U is uniformly bounded 
from below by a real-valued function. A natural question is whether one can 
use the set 3f instead of ^ as the dual domain and still obtain the same 



value function v. In the settings of Kramkov and Schachermayer [16|, [17 
the answer is positive, however the minimizer might lie outside of the set 3f 
in general. Theorem 12.41 below states that the same assertion holds in our 
settings. Furthermore, due to a certain symmetry between primal and dual 
problems (that is explored in more detail in section [3]) a similar conclusion 
holds for the value function u. Thus, as an alternative primal domain one 
can take any set ^ with the following properties: 

(i) i^/ is a convex subset of £/ such that 

sup / CtYtdKt = sup / CtYtdKt for every F G ^. 

(ii) The set ^ is closed under the countable convex combinations, that 
is, for any sequence (c")„>j^ of optional processes in £/ and a se- 
quence of positive numbers Xa"')n>i such that J2'^=i d"" = 1, the process 
I^^i '^"'c" belongs to ^. 

Theorem 2.4. Under the conditions of Theorem \2.3\ we have 
v{y) = mf^E [J^ V (t, w, yZt) dnt] , y > 0, 
u{x) = supE,[J^ U(t,u,xct)dKt] , X > 0. 

The proofs will be given in Section H] and will rely on Theorems 13.21 and 
13. 3[ which are the "abstract" versions of Theorems 12.31 and 12.41 respectively. 
We conclude this section with examples of the investment problems (see e.g. 
Karatzas |9| as well as Karatzas and Shreve [ll|) that are included in our 
formulation. Hereafter, 1e denotes the indicator function of a set E. 

Example 2.5. Maximization of the expected utility from consumption: 



uix] 



sup E 


f Uit,u,ct)dt 
Jo 


C&J2/(x) 



Here the clock n is given by 

K(t) = min (t, T) , t > 0. 

Example 2.6. Maximization of the expected utility from consumption and 
terminal wealth: 



(2.13) 



U[X] 



sup E 



Ui{t,u,Ct)dt + U2{u,ct) 



Here the clock k is given by 

<t) ^ tl[o,T){t) + (T + l)l[r,oo)(t), t > 0. 
Example 2.7. Maximization of the expected utility from terminal wealth: 



(2.14) 



u{x) = sup K[U{u,xXt)] 



The corresponding clock process is 

^^{t) = l[T,oo)(t), t > 0. 
Note that the formulation (I2.14p extends the framework of Kramkov and 



Schachermayer (see [16|, ll7|) to stochastic utility. 



Example 2.8. Maximization of the expected utility from consumption over 
the infinite time horizon, that is 



(2.15) 

where the clock is defined as 



u{x) = sup E 

c€ii/{x) 



e~''V{t,u,Ct)dt 



uo 



X > 0, u > 0. 



/■* 1 

K{t) ^ / e-^'ds = - (1 - e-"') , t > 0. 
Jo ^ 



Example 2.9. Maximization of expected utility from consumption occurring 

at discrete times (ti, . . . , t^y. 



(2.16) 

Here the clock process is 



u{x) = sup E 

ce£/{x) 



N 






a; > 0. 



N 



«:(t)^^l[i^,+oo)(t), t>0. 



3 Abstract versions of the main theorems 



Let /i be a finite positive measure on a measurable space (Q,^). Denote 
by L° = L° {fl, ^, /i) the vector space of (equivalence classes of) real- valued 
measurable functions on {Q, ^ , //) topologized by convergence in measure [i. 
Let L*! denote its positive orthant, i.e. 



L°. 



{eGLO(l^,^,/i): e>0}. 
For any ^ and i] in L*^ we write 



(e,^) 



iT]d[i, 



whenever the latter integral is well-defined. Let ^, 
satisfy the conditions below. 



be subsets of L^ that 



1. We have 
(3.1) 

2. <^ and Qi 
(3.2) 



^ e ^ ^ (^, ^) < 1 for all T]^Q}, 
7] e & ^ (i ^) < 1 for all ^ e ^. 

contain at least one strictly positive element: 
there are .^ G ^, rj E ^ such that min(^, rf) > 0. 



Observe that our construction of the abstract sets ^ and 
one in 



is similar to the 



16l |. however we do not require a constant to be an element of ^. 



This allows to introduce the symmetry between the sets ^ and ^ that plays 
an important role in the proofs. Also notice that ^ and ^ are bounded in 
L° (/x). For X > and y > we define the sets: 



(3.3) 



^(x) 
&{y) 



A 



x'rf 
y& 



A_ 
A 



{yrj : 7] E ^} . 



Consider a stochastic utility function U: Q x [0, oo) — )■ 
satisfies the following conditions. 



. U { — oo}, which 



Assumption 3.1. For every u E Q the function x — )■ U{uj,x) is strictly 
concave, increasing, continuously differentiable on (0, oo) and satisfies the 
Inada's conditions: 



(3.4) 



\im.U'(ijj, x) 



-OO and lim. U'(u,x) 



0, 



where U'{-,-) denotes the partial derivative with respect to the second ar- 
gument, U{u,0) = hmf/(cj,x), and for every x > the function U{-,x) is 

a;4.0 

measurable. 

Define the conjugate function V to U as 

V{u, y) = sup {U{u, x) — xy) , {uj,y) & Q x [0, oo). 



A 

x>0 



For a function W onQ x [0, oo) and a function ^ G L^ we will write W{^) = 
W{u,^{u)). Recall that W~^ and W~ denote the positive and the negative 
parts of W respectively. 

Now we can state the optimization problems: 

(3.5) u{x) = sup / U{^)d^, X > 0, 

(3.6) viy) = mi f V{r,)dfx, y > 0, 

v<^^iy) Jn 

where we used the convention: 

In UiOdf^ - -oo if J^ U~ {^)dfi = +oo, 



In V{v)dfi = +00 if /^ V+{T])dfi = +oo. 

The following theorem is an abstract version of Theorem 12. 3[ 

Theorem 3.2. Assume that ^ and 3l satisfy conditions Ii3.1\) and Ii3.^) . Let 
Assumption \3. 1\ holds and suppose 

(3.7) v{y) < oo for all y > and u{x) > — oo for all x > 0. 

Then: 

1. u{x) < oo for all x > 0, v{y) > — oo for all y > 0. The functions u and 
V satisfy the biconjugacy relations, 

v{y) = sup (m(x) -xy), y > 0, 

(3.8) "^^^ 

u{x) = inf {v{y) + xy) , x > 0. 

y>0 



The functions u, —v are continuously differentiable on (0,oo), increas- 
ing, strictly concave and satisfy Inada's conditions: 

m'(0) = \iinu'{x) = +00, —^'(0) = lim— t/(y) = +cxd, 
u'{oo) = liin u'{x) = 0, — t/(oo) = lim —v'{y) = 0. 

x—^00 y~^OD 

2. For any x > the optimal solution C,{x) to Ii3.5\) exists and is unique. 
For any y > the optimal solution fjijj) to \3.6\) exists and is unique. 
If y = u'{x), we have the dual relations 

V{y) = U' \i{xyj /i a.e. 

and 

{i{x),fi{y)) =xy. 

In order to state an abstract version of Theorem 12 .41 we need the following 
definitions. Let ^ be a convex subset of ^ such that 

(i) ^ is closed under the countable convex combinations, 

(ii) for every ,^ G ^ we have 

(3.9) sup(^,r/) =sup(^,r/). 

Likewise, define ^ to be a convex subset of "^ such that 
(iii) ^ is closed under the countable convex combinations, 
(iv) for every 77 G ^ we have 

sup(^,r/) = sup(^,r/). 

Theorem 3.3. Under the conditions of Theorem \3.2[ we have 

(3.10) ^(y) = i^t L ^ (yn) d^, y>o. 

u{x) = sup J^ U (x^) dfi, X > 0. 



10 



The proofs of Theorem 13.21 and 13.31 are given via several lemmas. 
Lemma 3.4. Under the conditions of Theorem \3.B, we have 
(3.11) f (y) > sup (m(x) — xy) , y > 0. 

a;>0 

As a result, both u and v are real-valued functions, such that 
limsup < and liminf > 0. 

x^oo X y^oD y 

Proof. Fix X > and y > 0. We have 



(3.12) sup inf / (f/(0-e^)rf/i< inf sup {U{i) - ir^) dii. 

Using (13. ip we can bound the left-hand side from below by u{x) — xy: 
sup inf /^ ([/(O - ^r]) dfi > sup (/^ U{^)dn - xy) = u{x) - xy. 

Since V{t]) > U{^) —C,ri for any .^ > and ?7 > 0, we can bound the right-hand 
side of (I3.12p from above by v{y): 



v&^iy) ^G<r(x) Jn v&^iv) Jn 



n 



The techniques from Kramkov and Schachermayer [17|] inspired the proof 
of the following lemma. 

Lemma 3.5. Under the conditions of Theorem \3.^ for any y > the family 
{V^ (^))/ig5*(j/) ^'^ uniformly integrable. 

Proof. Fix y > 0. Assume by contradiction that (y~ ih))f^^o^, . is not a uni- 
formly integrable family. Then we can find a sequence {v"')n>2 '^ ^{y)-i ^ 
sequence (^")„>2 of disjoint subsets of {Q, ^) and a constant a > such 
that 

V- (r/") lAr^dfi >a, n>2. 



I 

Jn 



11 



Since v{y) < oo, there exists r]^ G ^{y) such that 

M= f V+ [r]^) dfi < oo. 
Jq 

n 

Define a sequence (C")„>i as C" = X] ^'^^ ''^ — 1- Then by (13. ip for any ^ G ^ 

fc=i 
we have 

n 
A;=l 

Thus C" £ ^{ny), n > 1. Now, since \^~ is nonnegative and nondecreasing 
we get 

n / " \ 

A:=2 

> a(n-l), n>2. 
On the other hand since V~^ is nonincreasing we obtain 

/ V^ (C) dfi< f V+ [t]^) dfL = M <oo. 
Jn Jq 

Therefore we can deduce that 

[ V{C)dfx<M-a{n-l), n > 2. 
Jn 

Consequently, 

rV(z) , f^V{C)dfx , M-a(n-l) a 
hminf -^^ < hminf ^ — ^ ^ < hminf ^ '- = < 0, 

2— >oo z n— >-oo ny ?i— >oo ny y 

which contradicts to the conclusion of Lemma 13. 4[ D 

We need a version of Komlos' lemma for the set ^. Some other formula- 
tions of Komlos' lemma are proved in 15|, |5|, 111, l2l| . 



Lemma 3.6. Assume that the sets ^ and Qi satisfy Ii3. 1\) and Ii3.2\) . Let 
iv"')n>i '^ ^- Then there exists a sequence of convex combinations C" G 
conv (r/'", ?7"+-^, . . . ) , n > 1, and an element fj E ^, such that (C")„>i con- 
verges fi a.e. to fj. 

12 



Proof. Using Lemma Al.l p. 515 in [5[ we can construct a sequence C" G 
conv (?7", ?7""'"\ . . . ) , n > 1, such that (C")„>i converges fi a.e. to an element 
r). By convexity of the set ^ we obtain that (C"')rt>i i^ ^ subset of ^. By 
Fatou's lemma 7) E ^, since for any ^ G ^ we have 

(e,r})<liminf(e,C")<l. 

n— ^00 

D 

Lemma 3.7. Under conditions of Theorem \3.2\ for each y > there exists a 
unique fjiij) G ^{y), such that 



(3.13) v{y)= / Vifi{y))dfi. 

Jn 

As a consequence v is strictly convex. 

Proof. Fix y > 0. Let (^")^| C ^{y) be a minimizing sequence, i.e., 

v{y) = lim / V [rf) dfi. 

It follows from Lemma 13.61 that there exists a sequence of convex combina- 
tions ("' G conv (77", 77"+-^, . . . ), n > 1, and an element fi{y) G ^{y), such that 
(C")^i converges /i a.e. to r)(y). 

Using convexity of V, Lemma 13. 5[ and Fatou's lemma we get 

v{y) = liminf [ V (r/") dfi > liminf [ V (C) dfi > [ V {fi{y)) d/i. 



Therefore f l3.13p holds. Uniqueness of the minimizer to (13. 6p follows from 
strict convexity of V. 

To show strict convexity of i;, fix i/i < 1/2- Since ^^y^'^^^^y^' £ ^ (^yi±yi^ 
and V is strictly convex we obtain 

^ f yi + y2 \ ^ I y f vivi) + 'ni.y2) \ , ^ v{yi) + v{y2) 

n 

By the symmetry between the sets ^ and ^ as well as problems (13.51) and 
(13.61) . proof of the following result is entirely similar to the proof of Lemma 
1X71 

13 



Lemma 3.8. Under the assumptions of Theorem \3. 2, for any x > there 
exists a unique maximizer to the primal problem liy.5\) . As a consequence u 
is strictly concave. 



The techniques in Kramkov and Schachermayer [16|] helped to prove the 
following lemma. 

Lemma 3.9. Under the assumptions of Theorem \3.^ we have 

v{y) = sup ('u(x) — xy) , y > 0. 

x>0 

Proof. Let ^ = arg min J^ U{^)dfi and .^o be a strictly positive element of ^. 

Both ^ and .^o exist by Lemma 13.81 and assumption (13.21) respectively. Define 

1= max(2^,^o)- 

Then ^ G ^(2) and J^ U{C,x)dfi is finite for any x > 1/2. Let S'„, be the set 
of all nonnegative, measurable functions C, '■ ^ ^ [0,n], i.e. 

(3.14) Sn = {^ G L° : {(a;) G [0, n] for all a; G f^} , n > 0. 

The sets Sn are o"(L°°, L^) compact. Fix y > 0. Since ^{y) is convex and U 



is concave the minimax theorem (see 22|, Theorem 45.8) gives the following 
equality for every n > 1 

(3.15) sup inf / (uiiO - Uv) df^ = inf sup / ([/(fO - kv) df^. 

Denote 

-^'(x) ^ |e e -^(x) : sup (e,r/) = x?/l. 

It follows from (E3]) that [j <^'(x) J {^ = 0} = [j "^(x). As a result, using 

a::>0 x>0 

Fatou's lemma we get 

sup (u(x) — xy) = sup sup (/^ U{^)dji — xy) 

x>0 x>0 ^G-iff' (x) 



(3.16) 

= n: 

"^°° CG5„ ^GS*(y) 



lim sup inf / ( f/(fO " ^^v) d^i. 



14 



In view of f l3.15p and fl3.16p it suffices to show that 

(3.17) v{y)=lim inf sup / f f/(fO - f^^V/^- 



For each n > 1 define V"" as follows: 



Viz) = sup (U{^x) - ^xz) , z>0. 



0<a;<n 

Then via pointwise maximization we get 

inf sup / (um - ^^v) dfi = inf / \/"(r/)d/i ^ v^iy). 

Notice that w" < t>, n > 1, and {y^{y))n>\ ^^ increasing. Let (?7")„>i C 3>{y) 
be such that 

(3.18) lim w"(2/) = lim / \/"(r/")rf/i. 

n— >oo n— >oo /q 

It follows from LemmaESl that there exists a sequence C" G conv(?7", 77"-+^, . . . ), 
n > 1, such that (C"')„>i converges \i a.e. to a function C, G ^(y). 

We claim that (V")~ (C")? ?t- > 1, is a uniformly integrable sequence. On 
{CJ" > U'{^n)} we have (V^")~ (C) = ^~(C")- Consequently uniform inte- 
grability of (V^")" (C")l{fi>(7'{|n)}' ''^ ^ 1; follows from Lemma 1331 Whereas 
on {(■" < U'{^n)} we get 

From monotonicity of U' we deduce 

iU'iO < 2 / iU'iix)dx = 2U{0 - 2Uii/2), 

Jl/2 

where (U{i) - U{i/2)] is integrable. Consequently (V^")~ (C")l{("<(7'(|n)}' 
77, > 1, is dominated from above by an integrable function. As a result, the 
sequence (V^)' {("'), n > 1, is uniformly integrable. 

Therefore from monotonicity of (^'^(y))„>i, convexity of V"", n > 1, and 
Fatou's lemma we get 

lim / V^"(r/'^)rf/i > liminf / ^"(Oci/x = / ViQdf^ > v{y), 

which implies flXTTj) by fIXTH]) . D 

15 



Proof of Theorem \3.2 . Observe that by Lemmas 13.81 and 13.71 both functions 
u and —V are strictly concave. Thus, conjugacy relations fl3.8p follow from 



Lemma [3.91 and Theorem 12.2 in Rockafellar 20|. In turn strict concavity 



of u and —v, (13. Sp . and Theorem 26.3 in 20| imply differentiability of u and 
V everywhere in their domains. Now since u and —v are increasing, Inada's 
conditions for them follow from Lemma 13.41 

Fix x > and take y = u'{x). Let fj G ^{y) be the optimizer to the dual 
problem (13. 6p and C, G 'Ta{x) be the optimizer to the primal problem (13. 5p . 
Both fj and C, exist by Lemmas 13.71 and 13.81 respectively. Using the definition 



of V, ([3IID, ([33D, and Theorem 23.5 in |20| we get 

0< j {V{fi)-U (tj + iv) dfi < v{y) - u{x) +xy = Q. 
Therefore, for /i a.e. u eVL we have 

This implies the remaining assertions of the theorem: 



u'(i 



7] /i a.e. 



ii^ V) = IqU [^tj dfi- InV iv) d^ = u{x) - v{y) = xy. 

n 

In order to prove Theorem 13.31 we proceed in a way that is similar to the 



proof of Proposition 1 in [17|. The reader that is familiar with this proof 
might proceed directly to Section HI We still present the proofs for the sake 
of completeness. Again, by symmetry it suffices to show that (I3.10p holds. 
Define the polar of a set A C L'^ as 

A"^{^eLl: (e, v) < 1 for all r] e A] , 

a subset A of L^ is called solid ii < rj < ( and ( E A implies that 
rj E A. Observe that the sets ^ and ^ satisfy the bipolar relations. We 
will use a version of the bipolar theorem that was proved by Brannath and 
Schachermayer in [2|: for a subset A of L^ the bipolar ^4°° is the smallest 
subset of h^ containing A, which is convex, solid, and closed with respect to 
the topology of convergence in measure. 
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Lemma 3.10. Under the conditions of Theorem \3.^ for any fixed y > let 
7]{y) he the minimizer to the dual problem / IJ. 6]) . Then there exists a sequence 
(C'^)n>i ^^ ^ ^^^^ /^ ^-^^ converges to 'i]{y)/y. 

Proof. Fix y > 0. Observe that ^ is the convex set that satisfies fl3.9p . 
Therefore, applying the bipolar theorem (see |2|]) we deduce that ^ is the 
smallest convex, closed and solid subset of h^ [Q, ^, fi) containing ^. Thus 
for any rj ^ ^ there exists a sequence (C")„>i in ^ such that ( = lim ("' 

— n—^oo 

exists fi a.e. and C ^ V- ^^ particular such a sequence exists for 77 = 'i]{y)/y. 
We deduce from optimality of r/(?/) that rj = ( = lim ("■. D 

n— j-oo 

Lemma 3.11. Under the conditions of Theorem \3.2\ for each y > we have 



inf / V{yvi)dji < cg. 
v&^ Jn 

Proof. To simplify notations we will assume that y = 1. Let (a"')„>i be a 
sequence of strictly positive real numbers such that ^ a" = 1. By Lemma 

n=l 

13 .yj for each n > 1 there exists fi{a"'), the minimizer to the dual problem 
( 13. 6p . One can construct a sequence of strictly positive numbers (^n)„>2 ) 
which decreases to 0, such that 

00 „ 
(3.19) V / \/(r7(a"))lA„rf^<oo, if A„ G ^, and /i(AO < 5„, n > 2. 

From Lemma 13.101 we deduce the existence of a sequence (?7"')„>i C ^ such 
that 

/i (V^ (aV) > ^ (^(a")) + 1) < 5n+i, n > 1. 

Define the sequences of measurable sets (-Bn)„>i and (An)^^^ as follows: 
i?„^{V(aV)<^(^K)) + l}, n>l, 



(n~\ 



A^5l,...,A,^i?„\ IjAj, 



^fc=l 



Then (^n)„>i is a measurable partition of fi and /i (A„) < (5.„ for ?i > 2. 
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oo 
A 



To finish the proof, let 77 = ^ a"?]". Then rj G !^, since ^ is closed 



n=l 



under countable convex combinations. From the construction of (/1„)^~^-^, 
monotonicity of V, and (13.19^ we obtain 



00 / 00 



n=l \j=l J 

00 

n=l 

00 

n=l 

< 00. 
This concludes the proof of the lemma. D 

Lemma 3.12. Under the conditions of Theorem \3.2\ we have 



v{y) = inf / V{yr])d^, y > 0- 

r}&& Jn 



Proof. Fix y > and e > 0. It suffices to show that there exists rj E 2^ such 
that 

/ V{{y + e)r])d^i<v{:y)+e. 
Jn 

Let f] G S'iy) be the minimizer to the dual problem (13. 6p . ( be an element 

of 2, such that 

/ V {e() dfi < 00, 
Jq 

whose existence follows from Lemma [3.111 Let 5 > be such that 

\V {fi)\ + \V {eC)\) lAdfi < -, a Ae^ with ij{A) < 6. 
n 2 

By Lemma [3.101 there exists ^ G ^ such that the set 

B^{v{y9)>V{v) ' 



has measure fi{B) < 6. Define 

aVO + sC 



V 



y + e 
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Since ^ is convex it follows that ri ^ Qi . By construction of the set B and 
monotonicity of V we obtain 



L ^ ((?/ + ^)^) ^/^ 



< v{y)+e. 



D 



4 Proofs of the main theorems 

We start from an auxiliary lemma, which gives a useful characterization of 
the set of admissible consumptions. 

Lemma 4.1. Let c be a nonnegative optional process, k be a stochastic clock. 
Under the assumptions Ii2.2\) and i2.4\) , the following conditions are equiva- 
lent: 

(i) ce s/, 

(li) sup E [/°° CtZtdKt\ < 1. 

Proof. Using localization an integration by parts we get for each Q G ^: 



E^ 



CtdKt 



uo 



E 



Q 



uo 



dP 



-dhit 



Let the probability measure P be an element of ^ . Then the conclusion of 
the lemma follows from Theorem 5.12 in IgI. D 



Lemma 4.2. For any stochastic clock k, S' is a subset of 'W that is closed 
under countable convex combinations. Moreover, for any c & £/ we have 



sup E 



CtZtdKt 



IJO 



sup E 



CtYtdnt 



< 1. 



Proof. Closedness under countable convex combinations of ^ follows from 
closedness under countable convex combinations of ^. By definition (12. 9p 
for an arbitrary y G ^ we can find a sequence (y")„>i in the solid hull of iF 
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(i.e. such that F" < Z" {dn x P) a.e. for some Z" G ^), such that (F")„>i 
converges {dn x P) a.e. to Y. Using Fatou's lemma and Lemma [4.11 we get 



E 



r ^oo 1 




r /"°° 1 




/ CtYtdKt 


<hminfE 


/ CtY.'^dKt 


< supE 


[Jo \ 


n^-oo 


[Jo \ 


Z€S- 



CtZtdKt 



< 1. 



n 



Denote by L'' = ll' [dn x P) the hnear space of (equivalence classes 
of) real-valued optional processes on the stochastic basis (f2, ^, {^t)t>Q ;I°) 
which we equip with the topology of convergence in measure {dn x Pj. Let 
L'L be the positive orthant of L". Recall that a polar of a set A C Lj 



IS 



defined as: 



A" ^{Y ^V\: E 



CtYtdKt 



< 1 for all c e A 



In order to complete the proof of Theorem 12.31 it suffices to prove the fol- 
lowing proposition. Note that the sets ^, S^ and measure yU. in Theorem 13.21 
correspond to the sets ^, ^ and measure {dn x P) in Theorem 12.31 respec- 
tively. The proof of Theorem 12.41 follows from Theorem 13. 3[ as the sets ^ 
and S> accord with the sets s^ and ^ . 

Proposition 4.3. Assume that an W^-valued semimartingale S satisfies ( [^.^[ ). 
Then the sets s^ and ^, defined in h2.^) and h2. 9\) respectively, have the fol- 
lowing properties: 

(i) s^ and ^ are subsets of L'^ that are convex, solid and closed in the 
topology of convergence in measure {dn x P) . 

(a) The sets s^ and IV satisfy the bipolar relations: 



ce £^ <^ E 

Fe ^ ^ E 



/g°° CtYtdn 
/g°° CtYtdK 



< 1 for all y G ^, 

< 1 for all c e i2/. 



(Hi) There exists c & s^ such that c > and there exists Y ^'W such that 
F>0. 

Proof, (i) It is enough to show closedness of £/ . Let (c")^>^ be a sequence in 
£^ that {dhi X P) a.e. converges to c. For an arbitrary Z E S" using Fatou's 



E 



na|4.1|we gei 






/ CtZtdnt 
Jo 


<liminfE 

n— >-oo 


/ c'lZtdKt 

Jo 



< 1. 



20 



Therefore by Lemma 14.11 c G ^, and thus s^ is closed. 
(a) It follows from Lemma [4. II that 

whereas from Lemma 14.21 we deduce 

(4.1) ^ C i^° = 2^°°. 

Since IV is closed, convex and solid and ^ C ^, it follows from the bipolar 
theorem of Brannath and Schachermayer that !^°° C 'W . Combining this 
with (14. ip we conclude that 

(4.2) ^ = ^°. 

On the other hand it follows from part (i) that s^ is also convex, closed and 
solid. Thus s^ = s^°° by the bipolar theorem. Therefore, from (14.21) we get 

(in) Since ^ contains a constant function 1 = (l)(>o, the existence of 
c G ^, such that c > 0, follows from the definition of the set £/. The 
existence of y G ^, such that Y > 0, follows from assumption (12. 4p . This 
completes the proof of Proposition 14.31 D 
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